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SUMMARY

An empirical equation is proposed to account for stress ratio effects in fatigue crack
growth based upon the crack closure concept. It is characterised by two fitted parameters.

The new equation is used to establish effective stress intensity ranges for three sets
of extensive crack growth rate data from the literature covering the stress ratio range
—1 < R < 1. Least squares best fitted Paris equations are then used to predict crack
growth lives for comparison with the individual originals. Actual lives are almost invariably
within the range from 1|3 to 2 times those predicted.

The study shows that even better fits (o the data would result from using a sigmoidal
growth rateleffective stress intensity range relationship. This approach is being followed up.

POSTAL ADDRESS: Chief Superintendent, Aeronautical Research Laboratories,
Box 4331, P.O., Melbourne, Victoria, 3001, Australia.
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l. INTRODUCTION

The significance of the observation by Elber! that the fracture surfaces of cracks in specimens
undergoing tensile fatigue loadings remain closed during the tower stress part of the eyvele has
now become generally appreciated. There can be no doubt that the phenomenon must modily
substantially the manner in which the behaviour of eracked regions to subsequent fatigue Joading
is assessed: in particular. aflowance for comsideration of crack closure in predictive fatigue
crack growth modelling would seenr 1o be mandatory.

In this Report, several enuprical models which hine been proposed tor relating crack
closure to stress ratio are considered bricfly. and a more flexible empirical model. free of most
of the imitations of carlicr models, is presented. The ability of the new model to condense crack
growth rate data obtained at several stress ratios is then examined. Finally, predicted criack
growth curves obtained from the condensed growth rate data are compared with experimental
data, and reveal (surprisingly) hitle scatter.

2. MODELS FROM THE LITERATURE

In this Scction several models from the literature reliating crack closure under constant
amphitude Toading and stress ratio are examined and compared.

2.1 Elber, 1971
The first proposal reiating crack opening stress*. Sope and the other exele stresses Sy
and Suig to stress ratio R was made by Eiber i the form
l ' (‘s'lllll\ 'S‘NI') (‘S‘IHH\ ‘SVIHIII) / (R) ( I )
where O was detined as the effective stress range ratio. For 2024-T3 alunnmium alloy data he
found that
{ 0-4R - 0-5 (N
approximately, in the range  0-1 < R+ 0-7.
From (1) and (2)
Snp Snm\ 04R“ . OlR . 0; ("
This expression s shown as the upper curve in Fig, 1oalong with the data on which it s
based. Schijve? has pointed out that since (3) has a minimum at R 0 1250t cannot physicatly

be correct for R< 0-125 where the criack opening stress must continue either Lo decreise
or be asymptaotic to some constant low level.

2.2 Bell and Creager, 1974} 1
Bell and Wolfman, 1976¢ 1
Eidinoff and Befl, 1977"

In modelling crack growth under variable amplitude sequences, the above authors have also
used the concepts of erack closure. They have fitted empirical cquations of the following form

* No distinction is made here between opening stress and closing stress. Although the
phenomenon is known as crack closure, it s actually criach opemng durimg the increasing part
of the loading cycle which is of interest.
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to aluminium and titantem alloy data m the range 1 - R < 1.
Sup Snl;l\ (Sup Sm:\\, 1 [(-S'ull Sm:l\)ll (.\'..[. '\'Hi.l\, l]‘(f ° R“. ('“

where the subseripts 1 and 0 refer o R vatues. This equation hus flexibihiny i that the opening
stress ratio Sop Simay must be specifiecd at R 0 and R 1oalong with the exponent ¢, On
the other hand. there is 4 major deficieney: at R I the vadue of Sap Suas does not necessant’,
cqual one as is required: as R - 1 the nunmmum stress approaches the mavmun as must
the opening stress. Representative values of the constiants from Reference S for four alunmnium
alloys and three titanium alloys are given in Table 1, theiwr plots being shown i Figure 20 Frgure
3 shows a redrawing of Frgure 2B of Reference S0 lighlighting the vartability which s a featare
of crack opening measurements.

2.3 Newman, 19764

Newman carried out a two-dimenstonal tinite element analysis using an elastic-perfectly
plastic matenal to predict crack closure and cruck opening stresses dunng cvelie loading. Pre-
dictions were made at R values of  1-00 0 0250 and 0-5 using two values of the ratio of
manimum stress o vield stress, When R - 00 and rrespectise of the Sy Syoa values used.
predictions agreed very closely with those of Piber, Prgure 1o Howeser: for R« 0 differences
i predicted Sop Suan appears according 1o the ratio Sy Soenns the Targer this fatters the lower
15 Sop Smav. More mportantly for present purposes. howeser. the predictions contirm the
mtuitne notion of an sy mptotic ) decreise m Sop Swas for inereasingly negatne K.

2.4 Schijve, 19797

Schijve has adopted @ cubic pohynonal and used it 1o condense 2024-T3 Alclad crack
growth rate data in the range 1 = R <

Sop S O TRY 02382 0-2R - 045 ()}

This equation is very similar to that of Flher for R > Q. but corrects s unsatisfactory
performance for R < 0. Frgure 1. Schijve pomts out that (3) has a very weakh mimmum at
R 0-67:2 1t also has a weak mavmum at R . Both slope (50 Spad)” and magnitude
Sop Sman ire umty at R 1.

Although no explanation is offered as to how the coctlicients i (3) were determimed. it will
be seen later that the collective choree 1s avers happy one for the particular data used. Ditfermg
data may well require other coctlicient values  their determination wilt be no simple sk it a
satisfactory solution s to be found by tral and coron

2.5 Summary

1o Schupve’s formubation for 2024-T3 an the range 1 < R < 1 represents a sigmficant
improvement over that of Fibero which was finuted to the range 001 = R = 0-7.

2. Newnman's finite clement predictions confirm the general trend of a flattening out of
the Sop Swan versus R carve for mcreasingly negative R For R~ O, the predictions agree well
with those of Elber and Schpve.

3 The model of Bell and co-authors, for the range 1 < R~ 1. although possessing
unusual himating values for some materiads, does have a flevitality wineh the other analytical
models lack. Although values are required for three constants in each formulation, the curves
of Figure 2. for two alloy groups, suggest that a family of curves formed from some basic cunve
might si:tlice. This wdea is pursued in the followmng,

* Since this Report was wrtten, further Duteh actiaty an this area has been pubhished
{Refs. 12 and 13).
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3. PROPOSAL

The crack opening data and the forms of the empirical models reviewed in Section 2 and
shown in Figures | and 2. suggest the following houndary conditions. which hasve been adopted
here, for the relationship between S, Sy and R:

. Sop Stuan lat R 1
. (Sup Smu\)’ 1 at R |

3 (Sop Sman) 0 at some speciticd low value of Ro X say, below which Son Swas s
constant.

3 (Sop Suay)” - 0n the range X < R« 1.

i.e. there are no pomts of inflexion. By setting (Sop Suan)” 0 at R X0 the second
derivative (as well as the finst) becomes continues mto the (constant S,y Spas) region
beyond R\

A cubic polynomial in R conforming 1o the above boundary conditions has. for gnen .
the following umque solution:
L RY 3YR: VRN D
{Sop Sma i . . (6)
AN
where the subscript refers to an intermediate stage in the process of establishing a refationship
between Sop Sway and R
For ¥ 1. the lower limit of R considered by most of the models exammed m Section 2,
(6) becomes
e RY R R 3 .
(‘Snp -Sln:l\)ml ’ . ‘ - ()
12 + 4012
This is shown i Figure 4 along with the relationships. eg. 6. for neighbouring values of YL
Although (6) has flenibility in that X may be arbitrarily chosen. the choiee automatically
fixes the entire curve. including the fevel of (Sap Smavhne @l B X Accordimg to matenal,
Figures 1 and 2 suggest. for example. a range from about 0-3 to 0-5at R 1. Cleardy, for
given AL a shiftin Sop Swas is required to accommadate this variation, and a sutable ane tihes
the following form:

-\.Ulh -\vn\:\\ (-\nl- Sllnt\)nnl“ ! /(‘ Su;\ Su\z\\)"ml) (N}

where (Sop SaasJint is i function onfy of Rand Y. given here by ¢q. (6). and 2 is a shift parameter.
Equation (8) also satisfies the boundary conditions given above. Representative famihies of
shifted Sup Smas versus R for X b and  0-5are shown i Figure 5.

Thus in the proposed formulation (61 and its shifted version (%) there 1s complete treedom
to choose:

() the limiting lower vialue of R(R V) at which the S Sy versus R curve reaches
sero slope and curvature, and

(b the required magnitude of Sap Suay at this pomte by choee ol an appropriate value
of shift parameter. /

Specification of these two parameters detines completely the relaionsfup between Sop Sian

and R.

4. APPLICATION TO CRACK GROWTH RATE DATA

Eiber proposed that crack closure concepts aught be usefulin explaming <he known guahitia-
tive effect of stress ratio on crack growth. In particulir he supgested that crack growth rate
wias not so much a function of the stress mtensity range AR as of the effecine stress intenaty
range Mo, re. the difference between the mavimum stress ntensity and that corresponding
to crach opening. Thus, i place of AR 0 the Pans cquation:

da dN BAAM™




where

AN A K.
there should be substituted My

da dN CAR (N
where

RV WY Auan  AKap.

Since the crack opening stress, S is a function of R (egs 6 and 8} the crack openming stress
intensity Aoy 1s also a fuaction of R. Thus. a plot of log da N versus AR, which includes
data at differing R values, should have associated with it only the variability in crach growth
rate itself. as was first demonstrated by Elber! using data from Reference 8.

The etfectiveness of the formufations proposed m Section 3 has been evaluated using three
published sets of extensive crach growth data: those of Schipve’ on 2024- 13 Afclad sheet and
those of Hudson® on 2024-13 and "075- 16 alumimum alloy sheet. These data sets are shown
in Figures oG, (b)Y and (<) i terms of the conventional du N versus AR plots. The observable
groupings of data are assoctated with the differing B values used on test. Shipve’s data on 2024-13
Alclad sheet are given o the Appendin to Reterence 7 terms ol da N and AR and have been
so used here: Hudson's data are given in Reference 8 meems af excles to gnven crack lengths,
These latter have been fitted by cubie sphines. from which the dernvatines at the ginven crack
lengths have provided the required do )y diata®™. The corresponding stress intensities were
obtained as indicated below.

For the centrally through-crached specimens used moall three mvestigations the stress
mtensity, AL at the crack tp s given by

A .\'\ (mad f (1Y

where 8 s the remote apphied stress, a s the semi-crack fength and 778 the tintte width correction
factor given by

3 L (sec me B (th
W being the total width of the specimen.
The effective stress intensity . Mg 1or use m ey, (49 s theretore given by

Ao Ay A
(R YN Sapdby !
Niias (l -\--|v Sinant \ ma) I3 (‘2)

where Sop Swax is the function of RV and /7 given by cquations (6) and (8)

Smee Mg for cach R was not measured on test, but s being modelled here by equations
(62, (%) and (120, there s flenibiiy i choosing v and 7.0 and some appropriate cnterion is
required in mutking theet choice, The least squares eritenon has been adopted here whereby
the sums of squares of residuals obtained by titting Parns equations to the data for a range of
XL Z combmations are compared. That particular combination yvielding the smadlest sum of
squares then provides the best possibie it of the present maodel to the data. The (computerised)
procedure is as follows:

[ Scleet Vand Z from the ranges 1°5: Y« Oand 2+ /- 2
2. Caleulate A for every dita pomt asing cquations (0), (8) and (12).

3 Bt a Paris equation (9) to the data expressed as log da dN versus log M. and note
the sum of squares of the log da JdN residuals,

4. Repeat steps 12 and 3 for all v/ pairs to determune that par vielding the nummum
restdual sum of squares of log da o V.

* Although the crack growth rate data of Schipe and Hudson have not been derived in
an wdentical manner from the organal test datas 1t s thought anhkely that this fact s of conse-
quence here. Data from different sources are not being compounded

4




Examples of the residual sums of squares of log du dV associated with the regressions?
are shown in Figures 7). (b) and () plotted against X tor several values of 2. That particular
X, Z combination yielding the mimmum sum of squares s noted m cach cise. Tt can be seen
that for both sets of 2024-T3 data the intluence of the shit parwncter 7 on the ressdual sum
of squares is very much less than that of the stress ratio asvmptote X for the 7075216 data the
imfluence of Z 1s rather more significant  the tanuly of /Z carves do not conncide to the same

extent in the minimum sum of squires reglon.

A plot showing the optimum S, Suas versus R curves for the three data sets s shown
in Figure 8, and the corresponding transtormed crack growth rate data. expressed gn terms
of AK ., are shown in Figares Y(a). (by and (¢). The Teast squares fitted straight lines are also
shown, along with their equations. The etfectiveness of tuking R into account i this way 1y
very clear.

Cumulative probabitity plots of the residuals are shown i Figures 106a). ¢b) and (<) using
normal ordinates. The plotting position, P, used for the ith residual has been determined from

P 05

for large r. the total number of data poimnts. after Reference 9. Also shown on the figures are
smoothed Kolmogorov-Smirnoy 937 confidence bounds based on the given number of data
points in each case assumed perfectls normally distributed. Although Frgures 9 indicate that
the common assumption of normality of Tog crack growth rate data s not sertoushy challenged
here for the transformed data. the application of the more stringent y® test shows that only the
transformed 2024-T3 data of Hudson form an empirical distnibution which does not difler
signtiicantly from the corvesponding normal. Table 2. column 2.

Refevant data assocrated with the regressions are tabulated i Table 30 Also given there
are the results of apphying Schiyve’s equation (3) to the data. Fhe minimum sums of squares are
seen to be hittle higher than those of the present formulations. £ tests based on the varance
of the residuals for both modcls show no signiticant differences for the 2024-73 data sets: for
7075-T6 however the present formulation s sigmificantly better  the varance ratio becomes
significant at the 17, fevel Meanmgful comparisons of € and n. the Paris constants, are not
possible since they operate on ditferent equations ((6). (Ny and (12) for the present formulation
and (5 and (12) 1n Schijse’s case).

5. CRACK GROWTH PREDICTION

The best fit Puris equations have now been tsed to predict the crack growth eveles between
the successive crack lengths as established on test and given i the origimal referencest. The
expectation s, of course. that the predictuons wil, on average. agree with the data from which
they derive. These predictions are shown an Frgures T, (b) and (¢) expressed m terms off
(test cycles predicted eyeles), each between the same two crack lengths, plotted agamst AR,
based upon finat interval crack length.

Figures [ show that, overall. the above expectation is reabised. There can be seen however.
in all three graphs. very clear indications of & ssstemitic “snahing™ trend of the ratio with
AKerre and the reason is readily seen from Figure 90 The data pomnts there do, of course, fall
in the intermediate section of the overall S shaped or sigmoidal da @A versus SR plot. The
should. therefore. be even better titted by an approprizte sigmordal curve. Pomts fallimg helow
the regression line on Frgure 9 become points above unity on Figures 11 and vice versas the
tendency for increased variabilits at low MR s no doubt due. at least in part, to mnaccuracies

* Preliminary analysis showed that the circled data points in Frgures 6Ga) and o{¢) were
falling into the increasingly steep final regron of the sigmoidal crack growth rate curve bevond
the central (and nommally hincar) regron considered here. Those data pomts have been onntted
in further analysis.

T In establishing some of the orgnal crack growth data'™ on 202313 Alclad sheet from
which the growth rate data summurised i Reference 7 were hased, it was found that the total
number of a vs A data points exceeded substantidly the total number of dernved da d N data
points. This fact accounts Yor the dilfering talbes entered on Brgures 1000, and Ty and 1260

a




associated with measurements and derivations at shorter crach kengths' Figures 11 show that
the test eycles predicted oycles ratio falls, for the most part, between |3 and 2

This same fact may be seen more readily from the cumulative frequeney plots of Figure 12
where the ratio very seldom exceeds 2 and 1y seldom below T3 These graphs reflect behaviours
similar to their counterparts of Figure 100 although, m the case of Figure 12(ch an increased
deviation from the normal takes it outside even the weak Kolmogorov-Smurnoy 937 limits,
The results of y* tests to check goodness-ot-it with the corresponding normals are sinular to
those of the data of Figures 10: only the 2024-T3 data of Hudson do not dutfer sigmificantly
from normal, Table 2, column 3. The variance ratio tests listed in Table 4 show that the differences
between variability in log crack growth rate and that of log hfe ratto are not sipmticant for

cither of the 2024-T3 data sets: for the 7075-Te data they are. however, sigmficant at the »37
level.

6. CONCLUSIONS

1. The crack opening concept leading to effective. as opposed to nonunal. stress intensity
ranges in fatigue oveling has provided o sound basis for quantifving the known effect of stress
ratio on fatigue crack growth rate. Severai evisting models have been examined m this Report

2. A flexible formulation reluting crack opeming stress rabio with conventional stress ratio
(based on a third order polynomial and requinng for s detimtion two fitted parameters) has
been applied to three extensive constant amplitude crack growth rate data sets from the hierature
(2024-T3 Alelad. 2024-T3 and 7075-To sheet mateniabs). Pans cquations have been feast squares

fitted to the log du d¥ data expressed in terms of Tog ARy i each case.

30 Actual growth eycles over given criach length tncrements fall almost ivariably withm
the range from 1 3 to 2 umes those predicted usig these equations.

4. The study shows that even better fits would be attamable using, mstead of the hneur
relationship assumed here the known overall sigmoidal refationship between crack growth
rate and cffective stress intensity range. This approach is bemg followed up and should permant
realistic extrapolation into the Tow and high crack growth rate regions beyond thase of the
present data.
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TABLE 1

Fidinoff and Betl's Equation, Ref. 5

Sm' Sm:\\ (Sup Snm\) { “S-q- Sm:x\)n (-\..-1‘ Sum\) ll (1 R)}'

Muterial (Son S (-S‘np St P

Ti-6A-4Y (EBWeld) I

Ti-0ALAV (STA) (-332 0-400 RERR
Tr-6AL-4Y (Anncaled) ‘

=1 I 0347 0-400 303
2024 TS5t

2024 13 0-430 0500 R
7075 Toes 0-450 300 RN

These equations are piotted m Figure 2

TABLE 2

Summary of A~ Tests on log Crack Growth Rate
Residuals and log Life ratios

Data Source Residuals Ratios
(ipgs 1) (Figs 12)

Schigve 2024-T3 Alclad 36-4 216
Hudson 2024-T3 32 $-2
Hudson 7075-T6 27 01

93 N 217
Sty 14T
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TABLE 4

Variance Ratio Tests on log Growth Rate and log Life Ratio Data

Data

Log (test hie
predicted i)
log (da dN)

(St 52

Yoo
Lo, Foyore

Significance

2024-T23 Alclad
(Schipve)

672

421

01604
0- 1494
11583

2024-13
(Hudson)

0-1534
0-1510
1032

1-257

208
208

7075-T6
(Hudson}

0-1511 407
0-1350 407
[-242

177
2200

Sig.

* See footnote, Seciion 3§,




-
£
v
g Elber
")
Elber’s data e
range: I *
Sop = Smun
A ]
o T 0
Schijve T
X Newman's predictions:
B Smax/Sy=0.3
X T =04
=
r T T ) Y T 1
-1.P0 -7.B67 -9.33 0.3 .33 .b7 1.88
R
FIG.1 ELBER’'S AND SCHIJVE'S EQUATIONS,
ELBER’'S DATA, NEWMAN'S PREDICTIONS
1
Legend %
2219-T851 1 L 4
2024-T851 1 .
7075—-T651 2 g
Ti—6AI—-4V (EB Weld) 3 4]
Ti—6AI—4V (STA) 3 s
Ti—6AI-4V (Annealed) 3 v
2024-T3 4
 mn—)
- Sop = Smin
1 —"
e ——
3
l i l | | | 1 1 )
-1 0 1
R

FIG.2 EIDINOFF AND BELL'S EQUATIONS FOR FOUR ALUMINIUM AND
THREE TITANIUM ALLOYS




FIG.3 EIDINOFF AND BELL'S EQUATION FOR 2219-T851
ALUMINIUM ALLOY, AND MEASURED DATA RANGES
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FIG. 5(b) FAMILY OF CURVES, eqs (6) AND (8), X = -0.5




v Fuas A

MATERIAL 1 2024-T3 ALCLAD SHEET

=
~ -
i
o] DATA SOURCE s SCHIJUVE (REF. 7)
-066 <R= 0.73
N 4
&
— Note: Circled data point is
o omitted in all
W further analysis
N 4 @
@ -
ov—‘
) u < +
N
©w “w o+
c o . +7
: Ch
ol 4’.* +
ey S
5 n 4 + +:?|. .
%t
pd +7 g+t
O oA . t +4++
~ + v T
c&;—w ’&.@3 +
0 + +§
4 + et
+*'«~£5;fi"
N+ +
g—i ‘$ $ *:
o
1 "h ¥4 + +:+
+‘* 4+
¢ &
~ o~ 1 -o-* *t,
+ +
‘8_ +
- L J +
w4
L L4 R L v v v v “ v v Ll v L LA ‘
2 5 2 S
10° 10! 102

AK (MPalim)

FIG. 6(a) CRACK GROWTH DATA: 2024-T3 ALCLAD SHEET
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FIG. 7{a) ERROR SUMS OF SQUARES FOR 2024-T3 ALCLAD SHEET
(SCHIJVE, REF. 7)

25

20

—a
u

—
o

Total number of data points = 210
Optimum (X, Z) = (-1.09, 0.16)

Minimum sum of squares - 4.77

1 ] 1 l | J

-15 -1 -05 0
Stress ratio asymptote, X

FIG. 7(b) ERROR SUMS OF SQUARES FOR 2024-T3 SHEET
(HUDSON, REF 7)
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FIG. 7(c) ERROR SUMS OF SQUARES FOR 7075—-T6 SHEET
{(HUDSON, REF 8)
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